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1 Introduction

In this paper, we study discrete-time Markov-modulated (B, S)-security mar-
ket, that consists of a bond B as a riskless asset, a stock S as a risky asset
and Markov renewal process that describes changes in the stock prices. The
model for stock price we call geometric Markov renewal process by analogue
with the geometric compound Poisson process introduced by Aase [1]. Dis-
crete (B, S)-securities market with the dynamic of bond price (riskless asset)
B, =B, 1(1+7),r>0,By >0, and with the dynamic of stock price (risky
asset) S, = Sn_1(1 + pn), So > 0, where p,, are i.i.d. random variables such
that p, = b with probability p and p, = a with probabilty ¢ = 1 — p,
—1 < a < r < b, was proposed by Cox, Ross and Rubinstein in 1976 [5].
Cox, Ross, and Rubinstein [5] introduced this binomial model and derived
the seminal Black-Scholes pricing formula for European call option. Our
model is a generalisation of Cox, Ross and Rubinstein [5] and Aase [1] mod-
els. Also, our model for stock price as the geometric Markov renewal process
is an example of discrete time jumps semi-Markov random evolution [6, 15].

We study optimal stopping problems for geometric Markov renewal pro-
cesses and, based on these results, we find American option priciing formula
for the discrete-time Markov-modulated (B, S)-security markets. Also, we
present European call option pricing formula for this model. American op-
tions can be exercised at any time the holder wishes to do so before its expiry
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date. European options can be exercised at the expiry date. Since Amer-
ican options give the right to its holder to exercise the option at any time
before the option expires, traders are more attracted by this option because
of this privilege. It therefore becomes important to have knowledge on what
is the best time to exercise American options in order to maximize the pay-
off. That is why this leads us to the study of American options as optimal
stopping problems. American options pricing has been studied in many pa-
pers and books. See, for example, [3] for continuous time and [10, 11, 13,
14] for discrete-time settings, respectively. Optimal stopping problems have
been studied in many papers and books as well, we mention here [4] and [12]
which are the most close to our study.

Averaging, merging and double merging of geometric Markov renewal
processes in series scheme and their applications in finance were studied in
[17]. Diffusion approximation of geometric Markov renewal processes in series
scheme with merging and double merging approaches and option pricing
formulas for the limit processes were studied in [18]. Normal deviations of the
geometric Markov renewal processes in series scheme for ergodic averaging
and double averaging schemes are derived in [19]. We introduced Poisson
averaging scheme for the geometric Markov renewal processes in [19] as well.
Analogue of Black-Scholes formula for diffusion Markov-modulated (B, S)-
security market and diffusion Markov-modulated (B, S)-security market with
jumps have been obtained in [16].

We mention that random evolution in general and discrete-time random
evolutions in particular have many applications, including finance, biology,
queuing, reliability, etc. Merging of random evolutions and their applica-
tions have been studied in [6, 7, 15]. Applications of discrete-time random
evolutions in reliability and DNA analysis, and their applications to differ-
ence equations and additive functionals have been considered in [2] and [8],
respectively.

The paper is organized as follows. The geometric Markov renewal pro-
cess (GMRP), discrete-time Markov-modulated (B, S)-security market and
statement of the problem are presented in Section 2. In Section 3 we describe
the GMRP as discrete-time jump semi-Markov random evolution and studies
their martingale properties. Optimal stopping rules for GMRP are investi-
gated in Section 4. Martingale properties of discount stock price (based on
GMRP) and discount capital are considered in Section 5. American option
pricing formulae for discrete time Markov-modulated (B, S)-security market
is presented in Section 6. Here, we also consider the limit case when maturity
goes to infinity (perpertual option). European option pricing formulae for
discrete time Markov-modulated (B, S)-security market is derived in Section
7. We conclude in Section 8. Appendix contains the proofs of two Lemmas
which are the complementary results for proving our main optimal stopping
problem result in Section 4 (Theorem 1). The references contain only the
most close to our paper articles and books.



2 Geometric Markov Renewal Processes and
Discrete Markov-modulated (B, S)-Security
Markets

2.1 Geometric Markov Renewal Process (GMRP)

Let (zx)rez, be a Markov chain in phase space (X, X’) with transition prob-
ability P(z, A), where x € X, A € X. Let (7)rez, be a sequence of i.i.d. r.v.
such that

P(1py1 — 1 < t|m, = ) = G.(t),

where x € X,t € R,. Let us set

Qn—‘rl = Tn4+1 — Tn,

n
Tn = E 9k7
k=1

and let
v(t) := max{n: 7, <t}

be a counting process. The following process (z,;0,)ncz, on phase states
space X x R, is called a Markov renewal process (MRP) [6,7]. The process
x(t) := x4 is called a semi-Markov process. (See [6, 7, 9, 15]). Let p(x)
be a bounded continuous function on X such that p(z) > —1. The following
functional on Markov renewal process (2n;0n)nez,

v(t)

S = So T 11+ plan)) (1)

k=0

where Sy, we call Geometric Markov Renewal Process (GMRP). This process
we call such by analogy with the geometric compound Poisson process

N(t)

St — SO H(l —|— Yk),

k=1

where Sy > 0, N(t) is a standard Poisson process, (Yi)rez, are iid. r.v.,
which is a trading model in many financial applications as a pure jump model
8].

The GMRP in (1) will be our main model in further analysis.

2.2 Discrete Markov-modulated (B, S)-Security Mar-
kets

By discrete Markov-modulated (B, S)-security market we mean the market
with riskless asset (bond) B, and risky asset (stock) S, that are defined in
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the following way:

B, = By(1+r)",
{Sn = So [[rer (1 + p(z1)), (2)

where r > 0 is an interest rate, By > 0,5y > 0, and function p(x) and ) are
defined in section 2.1.

2.3 Statement of the Problem: Optimal Stopping Rule

Let F, := o{xx;0 < k < n} be a o-algebra generated by Markov chain xy.
Denote by g¢(s,z) a family of R, x X-measurable functions with values in
(—o00, +00]. Let 7 be a Markov time: 7 = 7(w) < N, N < 400, and let define
by (7 is a stopping time with respect to F,,)

9(S7 ) = 9(Sr) (W), Ty (W)

the random variable which is a gain in the state (S;,z,) under halting of
observation at the moment 7. Value E ,¢(S;, ) is a mean gain at the initial
moment s, x. Put

Cn(s,x) :=sup Es 9(Sr, z,). (3)
The value Cy (s, x) is a price. The moment 75 such that
ES,xg(STI’Q7:CT]’{,) = CN(S,I‘) (4)

is called an optimal stopping time.
In this paper, we are going to solve the following problems:
(i) the structure of the price Cn (s, z);
(ii) how to find Cn(s,x);
(iii) how to find 7%.

3 GMRP as Jump Discrete-time Semi-Markov
Random Evolution

Let Cy(R.) be a space of continuous function on R, vanishing on the infinity,
and let us define a family of contraction operators D(x) on C)(R) :

D(x)f(s) := f(s(1+ p(x)). (3)

Then, by definition, jump random evolution (RE) is defined as the following
product:



That is why, from (3) we obtain:

v(t) t)
Vlfs) = [ Do f(s) = s ][+ pla)) = F(S@), @)
—1 1
where S(t) is defined in (1) and S(0) = Sy = s. Let Q(x, A,t) be a semi-
Markov kernel for Markov renewal process (2,; 0p)nez, : Q(x, A, t) = P(x, A)G,(t).
Let us define an expectation of jump RE V (¢) in (4):

u(t,z) = Ex[V(£) f(x(t))],

where x(t) := x,(). Then function u(t,z) satisfies the following Markov re-
newal equation (MRE):

N
~~

e
e
Il

ult, ) - / /X Q. dy, ds)D(y)ult — 5,y) = Ga(t)f(2),

where G,(t) = 1 — G,(t), G:(t) == P(Opy1 < t|X —n = 2), f(z) is
a bounded and continuous function on X. Taking into account the above
representations we obtain that

w(t,x,s) = E,s[f(S(t), x(t))]
satisfies the following MRE:

~

w(t,z,s) / /X Qe dy, duyw(t — u, s(1+ p(y)). ) = Colt) (s, ),

where f(s,z) is a bounded and continuous function on R, x X. This equa-
tion is a main tool in the investigation of limit distributions of the functional
Sr(t) = Sy H;Z?(l +pr(xg)) as T — o . It is one of the method for obtain-
ing all the limits for Sr(t) as T — +o00. The second method is martingale
method.

3.1 DMartingale properties of GMRP

Infinitesimal operator of the GMRP
Let us consider the representation

v(t

)
In(1 + plr).

In it) =
So k=1

To describe martingale properties of GMRP it needs to find an infinitesimal
operator of the process

v(t)
n(t) == > (1 + p(ax)).
k=1
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Let v(t) :== t — 7). Let us consider the process (z(t),7(t)) on X x Ry. It is
Markov process with infinitesimal operator

Qste0) =+ 20 [ 1P .0) - st0.10)

where g,(t) = =W G (t) = 1 = G,(t), where f(z,t) € C(X x Ry).
Infinitesimal operator for the process In S(¢) has the form:

Af(era) = g—% [ Pl + (a4 o)) - Fz. )

where z := InSy. The process (InS(t),z(t),~(t)) is a Markov process on
R, x X x R, with infinitesimal operator

ﬁf(z,x,t) = Af(z,x,t) + Qf(z,x,t),

where operators A and Q are defined iabove. From here we obtain that
process

mt) = f(lnS(t),fv(t)ﬁ(t))—f(zmo)—/0 (A+Q)f(nS(u), z(u), v(u))du

is an F-martingale, where F, := o(x(s),7(5);0 < s <t). Ifx(t) ;== is
Markov process with kernel

Q(%, Avt) = P(ZL‘, A)(l - G_A(m)t)a

namely, G (t) = 1— e, then g,(t) = Mz)e O, Gy(t) = e, amd
—Cgf ((tt)) = A\(x). That is why the operator A above has the form:

Af(z) = Ma) /X P, dy)[f (= + (1 + p(y)) — F(2)].

For pair (InS(t),x(t)) on R,y x X we obtain that this process is Markov
process with infinitesimal operator

~

Lf(z,x) - Af(zwr) + Qf(Z,J})7

where

Qf(2,2) = A(x) / P, dy) (f(y) — f(x)).

X
From here it follows that process

m(t) == f(InS(t), x(t)) = f(z,2) - /0 (A+Q)f(nS(u), z(u))du
is an Fi-martingale, where F; := o(z(u);0 < u < t).
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Martingale property of the GMRP

Let we have
v(t)

S(t) = So [ J(1 + plar)).

k=1
Let us define for all ¢ € [0, 7] :

v(t)
Li:=Lo[[Mar),  ELy=1,
k=1

where h(zx) is a bounded continuous function:

| rwPaan =1, [ W) P@.dnp) =0

(6)

If ELy = 1, then process S(¢) in (5) is an (F;, P*)-martingale, where measure

P* is defined as follows
dP*

dP

- LT7

and
Fii=o0(x(s);0 < s <t).

In discrete case we have

v(t)
k=1

Let L, := Lo[[,_, h(x), ELy = 1, where h(z) is defined in (6).

It

ELy = 1, then S, is an (F;, P*)-martingale, where 2=- = Ly, and F, :=

d —
dpP

o(zr;0 <k <n).

4 Optimal Stopping Rules for GMRP

Let
Qg(s,r) = max{g(s,v); T'g(s, )},

where operator T is defined by
Tg(S,ZL‘) = Es,:cg(sla I1> = Es,xg(s(]- + P(xl))a xl)v
So = s. Let also

Cn(S,l’) = sup Es,xg(STa x‘r)a
TEMg(n)

where

My(n) :={r:7(w) <n;n < 4o00; Es 19— (Sr, x,) < 400,z € X},

(10)



and
g—(‘Sv ZE) = min<g<57 I’), 0)
Theorem 1. Let g(s,z) be such that Es,g_(Si,x1) < +o00. Then:

1)
Cu(s,2) = Qug(s,z),n=0,1,2,...; (11)

2)
Cy(s,x) = max{g(s,z); TCh_1(s,z)}, (12)

where Cy(s,z) = g(s,x);
3) the moment (stopping time)

7o r=min{0 <m < n: Cppn(Smy Tm) = g(Sm, Tm)} (13)

n

is an optimal stopping time and
Co(s,2) = By 39(Srs, 12 ). (14)
Remark 1. From the definition of @ in (7) it follows that

Qng(s,2) = max{Q" 'g(s,2), TQ" 'g(s,2)},n=1,2,...,

where Q%¢g(s,z) = g(s,x). Also,

Qng(s,aj) = max{g(s,a:);TQ"’lg(s,x)}. (13>

Really, for n = 2 we obtain
Q29(s,z) = max{Qq(s,x); TQg(s,z)} =

max{max{g(s, v); T'g(s,z)}; T{max{g(s,z); T'g(s,x)}} =
max{g(s,z); T{max{g(s,z); Tg(s,z)}} =
max{g(s, v); TQg(s,x)}.

If n = 2, the formula (13) is true. To prove (13) for all n we use the method
of mathematical induction.
The proof of Theorem 1 is based on the two following lemmas.
Lemma 1. For every 7 € My(n) :

Es.9(Sr,2:) < Qng(s,x), Vo € X, (14)
and, hence,
Cu(s,x) < Qng(s, ). (15)
Lemma 2. For alln=0,1,2,...
Qng(SVr) = Esyfvg(SUn?'ro'n)? (16>
where
op:=min{0 <k <n:Qn_1rg(Sk,xx) = g(Sk, xx)}. (17)
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The proofs of these lemmas will be done in the Appendix.
Proof of the Theorem 1. From (15) and (16) it follows that:

Cu(s,z) <Q"g(s,x) = Es.9(5,,, Ts,)-
Obviously,
On(S, J}) Z Es,xg(sany Ian)7

as Cy,(s, ) is a price, namely, sup F ,g. In this way, for all n =0,1,2, ...

Cn(S,l‘) = Qng(s’ ZL‘) = Es,xg(Sana xan)a

and, hence, the stopping time o,, (=7;) is an optimal one, where o, is defined
in (17). Statement 2) (see (12)) follows from 1), (6) and (13). The Theorem
1 is proved.

Remark 2. Put

DY .= {(s,2) : Cx_n(s,7) = g(s,2)},0 <n < N. (18)

Stopping time 75 (optimal) in (4) is described in terms of ”stopping sets”
DN in (18):
7 =min{0 <n < N : (S, z1) € DY}, (19)

that follows from Theorem 1. Namely, if (s,2) € DY ((s,z) := (So, 70)),
then optimal rule orders instant stopping. If (s,z) ¢ DY, then we continue
our observation, and, depending on (S, ), either stop our observation (if
(S1,z1) € DY) or continue our next observation (if (Si,x1) ¢ DY), and
so on. Obviously, that observation process will stop at the moment N as
DY = R, x X.

Let us consider the ”set of continuation of observations”:

FN=R, x X\DY;0<n<N.
Obviously: FY = and
Yy ={(s,2) : Ci(s,2) > g(s,2)} =

{(8,1‘) : Qg(s,x) > 9(57x)} = {(va) : Tg(s,a:) > g(S,l‘)} =
{(s,2) : (T = I)g(s,x) > O},

where I is an identity operator. As g(s,z) < Cy(s,z) < ... < Cn(s,z), then
FN satisfies the following relation:

W=FYCFy C.. CFVN
In particular,

FY ={(s,2) : Cy(s,2) > g(s,2) D {(s,2) : (T — I)g(s,x) > 0}.



Remark 3. To find the stopping time 75 it is necessary to know the
prices C,(s,z), for all n : 0 < n < N. In this way, to solve a problem on
optimal stopping in the following class M(N) :={7:7 < N; N < +oo} it is
necessary to solve the stopping problems successively in the following classes
M(1), ..., M(N — 1). Respectively, the prices are founded with the help of
iterations of operator @ : C(s,z) = Qg(s,x);...,Cn_1(s,z) = QN 1g(s, z),
or

Ch(s,z) = max{g(s,x); TCp_1(s,x)}.

5 Martingale Properties of Discount Price 5,,/B,
and Discount Capital X, /B,

Let us define a discounted stock price:
D,, = S,/By, (20)

where S,, and B,, are defined in (2). Then

1+ p(ay)
1+ p(X,)
D, FE —|=D,_
n—1 xn_l[ 1+T ] n—1,
if . ()
+ plzy,
— Y =1
mnfl( 1+r ) Y
or

/XP(%dy)p(y) =, (21)

where P(x,dy) are transition probabilities of Markov chain (x,),ecz, . In this
way, the sequence D, is an F,-martingale if (21) is fulfilled. Let

Xn = ﬁan + 7n5n7

with (8,,7,) being an investor’s portfolio (which is F,_;-measurable), and
(B, Sp) being defined in (2).

We suppose that our portfolio (3, v, ) is self-financing, e.g., 7, := (Bn,1n) €
SF:

ABn B + AvpS, = 0. (22)
Then from (22) it follows that
AX, = B AB, + 1 ASy = Bn(rBu_1) + Yn(p(x,)Sn) (23)
Put x
M, = B_: (24)



for discounted capital. Then from (23) it follows that

Xn anl
AMn _ — — =
Bn anl
Xn - Xn—l - an—l o
B, B
nSn-1(p(xn) — 1)
. 25
5 (25)
Let .
ma = Y (plan) =)
k=1
and
Amy = (pla) — 7). (26)
From (29) it follows that for n > 1
& PYnSk—l
M, = M Amy,. 27

Let E* be an expectation by P(z, A) as in (21). Then m,, in (26) is an F,-
martingale by E*. Values 7, and Sy_; are F,_j-measurable, hence, sequence
(M, F,) is also martingale, where M,, is defined in (24) (see also (27)). That
is why

E*My = M,. (28)

From (28) and (24) we obtain:
E1+r)"VXy=2,X =1 (29)

A portfolio 7, = (Bn,7n) is a (z, fv)-hedge, if for given z > 0 and
nonnegative function fy(z) := fn(So, S1,...; SN, T1, .., TN ), Xo = = and

Xy > fn(z). (30)
If
Xy = fn(2)

then 7, is a minimal (z, fx)-hedge. Let II(x, fx) be a family of all (z, Fiy)-
hedges m € SF. From (29) and (30) we obtain that if m, € II(x, fy), then

v < EX(1+7)"Nfa(o). (31)
If the hedge 7, is a minimal one, then
r=E(14+7r)"fy(2),

that follows from (31) and (29). In this way we obtain the following result.

Lemma 3. Let on discrete (B, .S, X)-securities market the portfolio 7, =
(Bn,m) € SF is (z, fy)-hedge. Then z > E*(1+7)~N fy(z). If (z, fx)-hedge
T, is a minimal one, then x = E*(1+7)"" fx(z), where E* is an expectation
by P(z,A)in (21),z € X,A € X.
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6 American Option Pricing Formulae for Dis-
crete Markov-modulated (B, S)-Security mar-
kets

As M,, = &= is an F,-martingale, and, N < 400, then for any stopping time
7,7 <N, We have E*M, = My, namely,

E*(1+1)"X, = X,. (32)

Let us suppose that portfolio 7 is (z, f, N)-hedge, namely, X, = 2 and
Xn > fu(So,S1, ..., Sny 1, .oy xy) for any 0 < n < N. Then from (38) we
obtain that

x> sup E*(1+7r)7"f(x).

0<t<N

If the (x, f, N)-hedge 7, is a minimal one (e.g., there exists a stopping time
o such that for all w € Q@ X, = f,(x),) then x = Xg = E*(1 +7r) X, =
E*(14r)~?f,, and, hence

z= sup E*(1+r)7"f(z). (33)

0<r<N

From here we obtain the following result: the rational price Cy, of Ameri-
can option with maturity date N and system of nonnegative cost functions
f(@) = (fu(2))o<ncn for discrete (B, S, X)-securities market is defined by
the following formula:

Cy = sup E*(1+7r)"f(x). (34)

0<7<N

A Stopping time 7* is rational if and only if

E* (1 4+1)" frel) = sup E*(1+7)7"f(a).

0<7<N

In this way, the problem of finding of a rational price C}, and rational
stopping time is solved by the solving of one problem:optimal stopping of

sup E*(1 +17)7" f-(z).

Let
where 0 < 8 < 1. We will solve this problem in the last case of (35). Let us

put
Vo= sup E (1+7)737g(Sr, v7), (45)

0<r<N

and
Tg(S, .Z‘) = :,:ch(slﬂ 131).
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Then

Tg(s,x) = Eg(s(1 + pla1)), 1) = /

i P(x,dy)g(s(1+ p(y)),y).  (37)

Put

Qs9(s, ) := max{g(s,x), (1 +r) ' BTg(s,x)}.

Then, with respect to the previous results (see Section 2, Theorem 1) we
obtain:

1)the function V,,(s,x) in (36) is represented in explicit form:

Va(s,z) = Qpg(s, ),

where @ is an n — th power of operator ()g;

2)
Vi(s,z) = max{g(s,z); (1 +7) 'BTV,_1(s,7)};

Vo(s,z) = g(s, x);
3) the stopping time

Tn = mln{O <m<n: Vn—m(sm7xm> - g(S'”“xm)}

is an optimal one:

E: (L47)718)"g(Sn,, 2r,) = Va(s, @), (39)
Let
D, :=A{(s,2) : Viu(s,z) = g(s,x)},

Fo=A{(s,x) : Viu(s,z) > g(s,2)} = Ry X X \ Dp,.
We note that

(40)

(41)
FnQanlggFOI(ba

DngDn_lg...gDOZR+XX.

From (38) and (39) it follows that stopping time 7, = min{0 < m < n :
(SmsTm) € Dp_mm} is an optimal one. Sets D, D,,_1,..., Dy are ”stopping

sets”, and sets F},, F,,_1, ..., Fy are "sets of continuation of observations”.
From (40)-(41) it obviously follows that

Dy = R, x X,

and so on.

Example. f,(s,z) = "g(s,z), where g(s,z) = (s — 1)Th(z), h(z) is a
continuous bounded function on X.
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6.1 Limit Case: N — +o00.

As Vo(s,z) < Vi(s,z) < ... < ..., then there exists a limit lim,, 4o Vy,(s,2) =
V (s, x). This function has a properties:

1)
V(s ) =sup B, ((1+ ) B8)7g(Sr, xr); (42)

2)
V(s,2) = max{g(s,z), (1 +7)'8TV (s, z)};

3)V (s, x) is the least of functions u(s,z) > 0 such that: u(s,x) > g(s,x)
and u(s,z) > ((1+7r)"'BTu(s, x;
4)the stopping time

Too = Inf{n : V(S,, x,) = g(Sn, xn)}
is an optimal one, e.g.,
V(s, ) = E;,(1+7)7'8)™g(So0; To0)-
If C*(s,x) is a set of continuation of observations, then V(s,z) > g(s, x)

and from (42) it follows that: V(s,z) = (1 +7)"'3TV (s, z), namely,

Vis,z) = (1+7)8 /X P, dy)V (s(1+ p(y)). v).

7 European Option Pricing Formula for Dis-
crete Markov-Modulated (B, S)-Security Mar-
kets

Let us consider European call option, where the dynamic of stock price is
discribed by discrete time Markov-modulated (B, S)-security market:

{ Bn = Bo(l + T)n,
Sy = Sl (1+ plaw)),
where N is an maturity date. Let

f(Sn) = (Sy — K)T,

where K is a strike price. From Section 5 it follows that optimal (or rational)
price of European call option is equal to:

Cn(@) = E*(1+7)""f(Sn) = E*(1 + 1) (Sy — K)*, (43)

where E* is an expectation by P(z,dy) such that [, P(x,dy)p(y) = r. From
(43) we obtain:

Onl(w) = E*(L+7)N(Sy — K)*

= (147 [y [x (ST (1 + p(x:) — K) TPy, dys).
(44)
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Let us consider the geometric Markov renewal process:

v(t)
S(t) = So H(l + p(x)),

k=1

where (xx; 0k )kez, is a Markov renewal process, z € X, 0, € Ry, v(t) :=
max{n : 7, <t} is a counting process, 7, := > ., _; O, 6y = 0. Let

where S(T) = So [T:% (1 + pla)).

The price of an European call option is:

Cr(z) = EX[f(S(T)(1+7)"] = E*[(1+ 7)Y E*[f(S(T))|v(T)]] =

S PT) =k} [ o [ ST+ o) = K) Pl (45)

In the case of Poisson process v(t) = N(t) with intensity A > 0 of jumps
we obtain from (44) and (45):

Z o )\T / / 1 + p(yi)) — K|"P(yi1, dy;). (46)

k=0

8 Conclusion and Future Work

We introduced geometric Markov renewal processes and based on them discrete-
time Markov-modulated (B, S)-security markets and studied their properties.
Optimal stopping rules for these models have been investigated and pricing
formulas for European and American options have been presented. Our fu-
ture work will be associated with optimal stopping rules for discrete time
jump semi-Markov random evolutions and implementations of obtained re-
sults for discrete time Markov-modulated (B, S)-security markets.

Appendix

Proof of Lemma 1. If n = 0, then (14) is obviously follows. Let now
7€ My(n),n > 0. Put B:={w:7(w) =n}. Then B=Q\ Y {r=i}l¢€
fn—h and

E.29(Sr,2:) = Eoxlpg(Sr 2 + Y 1pg(Sy 2, =

S,z

Es,xlBg(ST/\(nfl)a xT/\(TL*].)) + Es,x]-Bg(Sny xn) =
ES,I]-BQ(ST/\(R—I)J x’r/\(n—l)) + Es,x{lBEs,x{g(Sny xn)|Fn—1}} —
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Es,:p]-Bg(ST/\(n—l)a ZUT/\(n—l)) + B, 1Es, |4, ,9(S1,21) =
Es 2 139(Sra(m—1)s Tram-1)) + Ese1BEs (1) aonm-n9(S1:21) <
B o max[g(Sram—1), Tram-1))s B8, o1y tonn_n 951, T1)] =

E, 2 Qg(Sram—1)s Tra(n-1))-

So
Es,mg(sﬂ'u IT) < Es,ng(ST/\(n—l)a 'TT/\(n—l))- (47>

Finally, we obtain from (47):
satg(STaxT) < E ng( TA(n—1)> x’r/\(n—l)) <

E :Eng(STA(TZ—Q)? Q77'/\(71—2)) < ..
st g( T/\O»fET/\O) Qng(S,ZE),

that proves (14) and (15), and Lemma 1 is proved.

Proof of Lemma 2. The Proof will be done by the method of mathe-
matical induction. If n = 0, then statement of Lemma 2 is obviously. Let
the equality (16) is true for some n > 0. Let us show that (16) is also true
for (n+ 1). Let us fix the point (s,x) € Ry x X. Then, if P{o,11 =0} =1,
then by (17) P{Q" ™ g(So, zo) = g(So, w0)} = 1, and, hence, Q" g(s,x) =
9(s,x) = Es,xg(50n+l7xo'n+l>‘

Let now Py {0n4+1 = 0} < 1. Then, since {0,41 = 0} € Fo, by law of 70"
and 717 Ps .{0n+1 = 0} = 0, and, hence P, {0,411 > 1} = 1. Let show that
in this case 0,11 = 1 + 610, where 6,0, := 0,(61w) := 0,41(w). Really,

010,(w) = O min{0 < k < n: Q" *g(Sk(w), zr(w)) = g(Sk(w), zr(W))} =
min{0 < k < n: Q" *g(Sk(01w), z1(A1w)) = g(Sk(1w), z1(O1w))} =
min{0 <k <n: Qn_kg(5k+1(w)>$k+1(w)) 9(Sk1(w), rpy1(w))} =

min{0 < k < n: Q"M E (S (W), it (@) = 9(Ske1 (W), T (W)}

Hence,
14010, (w) = min{l < k+1 < n+1: Q"+1_(k+1)g(5k+1,xk+1) = g(Sks1, Tps1)} =

min{l <1 <n+1: Q"™ g(S,z) = g(Sp, z1)} = oni1(w),

where the last equality follows from definition of 0,41 in (17) and preposition
P{on11 > 1} = 1. Here, Q"'g(s,x) > g(s,z). From here, and induction
preposition and from (13) we obtain:

Qn+1g(3a fL‘) = max{g(s, ZL’), Es,a:Qng<Sly Il)} - Es,mEs,mg(SJna xan) =

Es,x‘glg<Scrnu xan) -
ES,SL‘g(Sl-l-@lm ) $1+91Gn) = ES,SCg(SUnH?:EUnH)a

that complete the proof of Lemma 2.
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